Abstract. Recent calculations of the hadronic vacuum polarisation contribution are reviewed. The focus is put on the leading-order contribution to the muon magnetic anomaly involving e + e − annihilation cross section data as input to a dispersion relation approach. Alternative calculation including tau data is also discussed. The τ data are corrected for various isospin-breaking sources which are explicitly shown source by source.
Introduction
The hadronic vacuum polarisation (HVP) contribution to the muon magnetic anomaly a µ ≡ (g − 2)/2 may be decomposed into three parts as a corresponding to the leading-order (LO), higherorder (HO) and light-by-light (LBL) scattering contribution, respectively. The corresponding representative numerical values are 692.3 ± 4.2 [1] , −9.79 ± 0.09 [2] and 10.5 ± 2.6 [3] , in units of 10 −10 (the same units will implicitly be used for all following quoted a µ numbers). Therefore the LO term is the dominant hadronic contribution and has the largest uncertainty not only among the three hadronic terms but also among all the electromagnetic, weak and hadronic sectors. This is why the improvement of the uncertainty of the LO HVP has been one of the main research activities by a number of groups and individuals since several decades (Fig. 1) .
The HVP involving strongly interacting particles can be computed at large energy scales but not at low scales due to the non-perturbative nature of QCD at large distance. It is possible to overcome this problem by means of a dispersion relation technique involving experimental data on the cross section for e + e − annihilation into hadrons. This will be the focus of this writeup. For alternative evaluations such as model dependent or Lattice QCD based calculations, we refer to [5] and [6] . However the precision of the current Lattice calculation is still far from competitive with that of the dispersion relation approach.
This writeup is organised as follows. In Sec. 2, the state-of-the-art techniques used for the e + e − based a
Had,LO µ calculation are reviewed. In Sec. 3, we discuss an alternative evaluation by including τ data and taking into account the known isospin-breaking corrections, followed by a summary in Sec. 4 . 
calculations
The LO HVP contribution to a had µ is calculated using the dispersion relation [7] as Figure 2 . Cross section for the process e + e − → hadrons versus centre-of-mass energy √ s. The blue band represents the combined experimental measurements with their uncertainty. The red line shows the perturbative QCD prediction, the data points show the inclusive measurements from the BES experiment [9] (figure taken from [4] ) where K(s) is a QED kernel function [8] and R (0) (s) represents the ratio of the bare cross section for e + e − annihilation into hadrons to the point-like muon-pair cross section for a given centre-of-mass energy √ s. The function K(s) ∼ 1/s gives a strong weight to the low energy part of the integral. Therefore, a
Had,LO µ is dominated by the ρ(770) → 2π resonance.
The computation of the dispersion integral requires the knowledge of R(s) at any scale s. Figure 2 shows an overview of the input data used in the evaluation of [1] . In the low energy range between the π 0 γ threshold and 1.8 GeV, the evaluation uses about 22 exclusive channels that are measured, and a few other channels that are (partially) estimated using isospin relations. In the continuum region between 1.8 GeV and 3.7 GeV, the prediction based on four-loop perturbative QCD calculation is used, which is in good agreement with the results from direct inclusive measurements by BES [9] . The same QCD prediction is also used at higher energy scale above 5 GeV. In the region just above the heavy quark thresholds and below 5 GeV, the evaluation uses also e + e − annihilation data to hadrons.
The evaluation of [10] uses a similar strategy. But there are a number of differences. For instance, the perturbative QCD predictions are only used between 2.6 and 3.73 GeV and above 11.09 GeV. The data treatment is also different. The evaluation of [1] is based on HVPTools [11] whereas that of [10] using a clustering technique. A simplified comparison is shown in Table 1 .
It is instructive to look at Table 2 (Table 4 from [10] ). The difference between the two evaluations are often larger than or comparable with the quoted uncertainties. There are also important difference on the quoted uncertainties. These differences could be a reflection of the different data and uncertainty treatment mentioned earlier.
The use of different inputs in particular the old data sets could be another source though these old data sets are often imprecise and therefore their relative weight in the combination should be in general small. It is important that these differences could be better understood and reduced. Table 2 confirms that the π + π − channel is by far the dominant one both in the central value and in the uncertainty. The corresponding inputs measured by different experiments are shown in Fig. 3 . The inconsistency between Babar and KLOE in particular is clearly visible. Such inconsistency results in sizeable χ 2 /n dof values (Fig. 4 (left) ) preventing currently the expected precision improvement in the combination [11] . The relative weight of each experiment is shown in Fig. 4 (right) . 
− are important subleading channels contributing to the uncertainty budget. The corresponding measurements are shown in Fig. 5 . For the first channel, the Babar measurements dominate, which are, however, still preliminary and the final results are expected soon and hopefully will improve the precision of the channel. For the π + π − π 0 , the measurements in the ω and φ resonances are from the energy-scan experiments whereas the measurements above the resonances come almost exclusively from Babar. There is clearly room for improvement for this channel. The most precise measurements for the φ resonance in the K + K − channel used to be from CMD-2 experiment. A new measurement from Babar has recently been published [12] , which contributes to a µ with 22.93 ± 0.28 in the energy range from threshold to 1.8 GeV, to be compared with the values in Table 2 . There are many measureFlavour changing and conserving processes 
minimisation Error inflation
Error scaled locally in a bin with χ 2 /n dof if it is greater than 1 + 2π − channel with the new Babar measurements [13] dominating in the precision of the combination. The updated result is 13.64±0.36, which improves the numbers quoted in Table 2 . In Fig. 1 , some of the predictions are e + e − + τ based. The use of tau data of semi-leptonic τ decays in the evaluation of a Had µ and ∆α (5) had was originally proposed in Ref. [14] . It is based on the fact that in the limits of isospin invariance, the spectral function of the vector current decay τ − → X − ν τ is related to the e + e − → X 0 cross section of the corresponding isovector final state X 0 (so-called the conserved vector current (CVC) relation),
where s is the centre-of-mass energy-squared or equivalently the invariant mass-squared of the τ final state X, α is the electromagnetic fine structure constant, and v 1,X − is the non-strange, isospin-one vector spectral function given by
with
In Eq. (3), m τ is the τ mass, |V ud | the CKM matrix element, B X − and B e are the the branching fractions of τ − → X − (γ)ν τ (final state photon radiation is implied for τ branching fractions) and of τ − → e −ν e ν τ , (1/N x )dN x /ds is the normalised invariant mass spectrum of the hadronic final state, and R IB represents all the s-dependent isospinbreaking (IB) corrections and S EW corresponds to shortdistance electroweak radiative effects [15] .
The first term in Eq. (4) is the ratio FSR(s)/G EM (s), where FSR(s) refers to the final state radiative corrections [16] in the π + π − channel, and G EM (s) denotes the long-distance radiative corrections of order α to the photon-inclusive τ − → π − π 0 ν τ spectrum [15] . The energy dependent corrections used in [15] are compared in Fig. 6 with those by [17] . The smaller correction of G EM in [15] is due to the exclusion of the contributions involving the ρωπ vertex.
The second correction term in Eq. (4), β 3 0 (s)/β 3 − (s), arises from the π ± −π 0 mass splitting and is important only close the threshold (see Fig. 6 ).
The third IB correction term involves the ratio of the electromagnetic to weak form factors |F 0 (s)/F − (s)| 2 and is the most delicate one. Below 1 GeV, the pion form fac- Figure 6 . Comparison of isospin-breaking corrections versus s used by Davier et al. [15] and by JS [17] . The different plots correspond to FSR (top left), 1/G EM (top right), β 3 0 /β 3 − ratio term (middle left), the effect of the ρ mass and width difference in the |F 0 /F − | 2 term (middle right), the effect of the ρ − ω interference in the |F 0 /F − | 2 term (bottom left) and the total corrections (bottom right). The difference between the open blue points and the solid black one in the last plot stems from the ρ − γ mixing corrections proposed in [18] tors are dominated by the ρ meson resonance, such that IB effects mainly stem from the mass and width differences between the ρ ± and ρ 0 mesons, and from ρ 0 − ω mixing. The difference between the corrections used in [15] and those of [17, 18] is mainly due to different width differences considered. The width difference δΓ ρ = Γ ρ 0 − Γ ρ − used in [15] was based on [19] 
where g ρππ is the strong coupling of the isospin-invariant ρππ vertex and δ 0,− denote radiative corrections for photon-inclusive ρ → ππ decays, which include ρ → ππγ. Contrary to expressions
used in [18] . The numerical values of Eqs. (5) at M ρ = 775 MeV and (6) are +0.76 MeV and −1.3 MeV, respectively. Another small difference which contributes to the IB difference is from δM ρ = M ρ − − M ρ 0 of 1.0 ± 0.9 MeV [15] and 0.814 MeV [18] . The effects of the IB corrections applied to a
Had,LO µ using τ data in the dominant ππ channel is shown in Table 3 [15] for the energy range between the 2π mass threshold and 1.8 GeV. The first source corresponds to the effect of S EW = 1.0235 ± 0.003 [15] . The uncertainty of G EM corresponds to the difference of two G EM corrections shown in Fig. 6 . The quoted 10% uncertainty on the FSR and ππγ electromagnetic corrections is an estimate of the structure-dependent effects (pion form factor) in virtual corrections and of intermediate resonance contributions to real photon emission [15] . The systematic uncertainty assigned to the ρ − ω interference contribution accounts for the difference in a Had,LO µ between two phenomenological fits, where the mass and width of the ω resonance are either left free to vary or fixed to their world average values. Some of the IB corrections depend on the form factor parametrisation used and the values quoted in Table 3 corresponds to those of Gounaris-Sakurai (GS) parametrisation [20] but the total uncertainty includes the full difference between the GS parametrisation and that of the Kühn-Santamaria (KS) parametrisation [15] . The total correction of −16.07 ± 1.85 is to be compared with the previous correction of −13.8 ± 2.4 [21] thus resulting a net change of −6.9.
In Table 3 , the effects of the IB corrections to the CVC prediction of B ππ 0 are also shown. The prediction for the branching fraction of a heavy lepton decaying into a Gparity even hadronic final state, X − ,
is derived from the vector current using the CVC relation with s min being the threshold of the invariant mass-squared of the final state X 0 in e + e − annihilation. CVC comparisons of τ branching fractions are of special interest because they are essentially insensitive to the shape of the τ spectral function, hence avoiding experimental difficulties, such as the mass dependence of the π 0 detection efficiency and feed-through, and biases from the unfolding of the raw mass distributions from acceptance and resolution effects.
Despite the improved IB corrections, there is still a sizeable difference between the e + e − based prediction of 692.3 ± 4.2 and the τ based one of 703.0 ± 4.4 [22, 23] . The difference amounts to 10.7 ± 4.9 corresponding to a deviation of 2.2 σ. The shape of the combined τ spectral function after the IB corrections is also found different from the one from e + e − data (Fig. 7) . The discrepancy is further reflected in the τ branching fractions (Fig. 8) . This used to be one of the open issues on the subject [22] . Recently, a model-dependent ρ − γ mixing effect, which is absent in the τ data, was proposed in [18] to explain the e + e − − τ discrepancy. The proposed correction corresponds to the difference between the open blue points Flavour changing and conserving processes and the solid black points in Fig. 6 (bottom right). The effect of the correction is shown in Fig. 9 . After the correction, the e + e − − τ difference above the rho peak looks indeed reduced, on the other hand, the agreement at the peak and below seems to become worse.
Summary
The evaluation of the hadronic vacuum polarisation contributions to the muon magnetic anomaly a µ (and the running of the QED coupling α(s)) has a long history. The precision has been steadily improving thanks to more precise and complete cross section measurements of e + e − annihilation into hadrons and of tau spectral functions on the one hand and the application of more advanced data interpolation and combination techniques in the dispersion relation approach on the other hand.
Some inconsistencies exist nevertheless among different e + e − data sets in particular between Babar and KLOE which limit the accuracy of the combined results. There is also a discrepancy between the e + e − data and the corresponding tau data after correcting for all known isospinbreaking effects. The ρ − γ mixing effect is suggested to reduce the discrepancy. However, unlike for the analogous γ − Z mixing, the correction here is model-dependent because of the ρ hadronic structure.
The prospect is however good as improved or final measurements from Babar are expected for both the dominant ππ channel and the few other significant processes. In addition new data will be collected by CMD-3 and SND-2 at VEPP-2000, BES III at BEPC2, KLOE-2 at DAΦNE, and Belle II at superKEK-B in the next years. The new data and measurements should allow to improve the current precision of the leading-order hadronic vacuum polarisation contribution by a factor of at least two. Together with the expected improvement on the experimental side from Fermilab and J-PARC, the future of the muon magnetic anomaly will be very exciting.
